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A reexamination of the results of my earlier papehys. Rev. 550, 3116(1994] is supplied using entirely
straightforward methods, i.e., without appealing to operator formalism. This reexamination confirms the con-
sistency of the work in that paper by extracting a term proportional to time that Dembeinakil Phys. Rev.

E 53, 4243(1996] claim is not present. The arguments of Dembiretkal. are not refuted, but it is pointed out

that they are based upon methods within which one readily encounters paradox¢®%spéh0 and[X,p]

#i. The present exposition avoids such methods. Unfortunately | am not prepared to address their numerical
results. This will have to await further investigation. However, an example of numerical results of my own is
presented in order to illustrate the richness of the dynamics of the n{&€163-651X96)10306-§

PACS numbds): 03.40.Kf, 03.65-w

The Comment of Dembinsket al. [1] is a serious and This has specific consequences that are relevant to the
considered objection to the results of my earlier pdf@dr objections raised by Dembinski al. For as they note, the
hereafter referred to as QC@uantized chaotic bouncden crux of the analytic part of the objection is based upon Eq.
am in total agreement with the remarks of these authors thd8.16) of Ref.[4], hereafter referred to as SS, which may be
the formulation of a quantum problem on a half spéoe  written as
half line in this caseremains incomplete to the best of our
collective knowledge. Physically, of course, the reason is ) © , .
that the coordinate space representative of the momentum | (Em— En)fo dXpm(¥) dp(x)=1g(Shm=1). (1)
operator generates translations—if one is not careful one
may inadvertently postulate the existence of translations thagis result is used to claim that no term growing with the

take one outside of the half space. The view expressed ifime t can be present in the partial derivative of the solution

QCB is that although the natural basis for consideration ofyii, respect to time. But such a term is present in QCB by
such problems would seem to be the coordination represeiri e of an overall time-dependent phase, QCB ER).

tation, since it is there that the notion of “half space” is Thus it is argued that QBC cannot be correct.

intuitively obvious, in fact that may be the wrong thing to do.  Thg phase in question was introduced precisely to cancel
. Th|.s alternative view is supported by the brle_f discussiony tarm proportional td arising from the expressiofQCB

cited in QCB from von Neumann’s bodRB]. Succinctly the Eq. (20)]

argument is this. Suppose that the following statements are

all true:

(¢nlDl (1)) =6 Ve 15 f :dk ker (ke "Xk ¢(0))

K| X)=x|x); i:f:dxlxXXI, (X[x")=8(x=x"); —gt{pn| B(1))

which manifestly contains a term proportional to the time
t. The key issue is that this result was found to be a conse-

guence of the canonical commutation relatiphp]=il

But since(x|k)=(1/y27)e** (as reviewed in Sec. Il A of when the Igft—hand side is evaluated using the momentum
QCB, without invoking completeness of the coordinate’®Presentation. o
eigenstatesthe six statements are incompatible. One way | he relevance to the arguments of Dembirestkal. is that

out of the conundrum is to abandon completeness of th&d- (1) is aresult of a calculation in thepordinaterepresen-
coordinate eigenstates. While this does resjuire primary t?tlon. To see the difference clearly, if the Hamiltonian
emphasis on the momentum eigenstates, it certainly suggedtg=p%/2+gX has eigenstates), i.e., Ho|n)=E,|n), and

it. if further [p2,p]=0 one expects

Bllo=Klk: i= [ ako(k: (K= tk—k").
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(n|[Ho,p1lm=(En—Em){n|p|m)=g(n|[X,PIIM)=ig s m It is neither expected nor intended that the above discus-
’ sion satisfactorily resolves the problems with quantization in
rather than Eq(1). the half space that Dembinski al. and this author agree

This notwithstanding, Eq.1) can be verified by elemen- exist. But that does not matter. It will now be shown that the
tary methods using the coordinate representation for the ersolution presented in QCB contains the time dependence cor-
ergy eigenstates. The “extra term” on the right-hand sideresponding to that of QCB E@20), i.e., that which Dembin-

(RHY9) of that equation—ig, arises from the identity ski et al. claim is absent.
, , ) ) Dembinskiet al. claim that a certain term cannot have an
(A,B")=(A",B)+A’(0)B(0)—-A(0)B'(0), unbounded time dependence based upon properties of the

solution that was presented. The claim is not based on gen-
eral principles. Thus the task at hand is to exhibit that the
; crucial time dependence is indeed present in the solution,
. Th_us if A(X):d"h(x.) and B(x)=Qx¢n(x), the gzbgve contrary to the assertions of Dembingkial. The approach
identity suggests that is a nonassociative operatdR®,p] il pe to reexpress the solution using simple transforma-
#0. And to further appreciate how profoundly cqnfusmg tions of variables, without appealing to any operator relation-
”_‘es? matt_ers can be, it is reIevgnAt to note tha98|_3|0|tly ships. The underlying philosophy reflects a dictum of Gell-
cite in their Eq. (3.17) that (m|[X,p][n) has nondiagonal \1ann 5] “We may compare this process to a method
elements in coordinate representation based upon et ex sometimes employed in French cuisine: a piece of pheasant
methods the Comment cites. This is truly odd and deserveg,qa; js cooked between two pieces of veal, which are then
closer scrutiny. For while an arbitrary operator can certainlyyiscarded.” In the present context, although operator rela-
be diagonal in one basis and nondiagonal in another, the unjf,qhins were invoked to motivate the solution in QCB, the
operator is by definition diagonal in all orthonormal basesyegngnse to the Comment does not require their introduction.
such as the eigenstatestd§. One cannot proceed to discuss Thys also we avoid the task of interpreting how Eb.is to
the system as quantal without trepidation if the canonicahe gpplied as a distribution.
commutation relation appears to be violated. What is going The solution presented in QCB [[QCB, Eq.(25)]:
on?

It was argued in QCB that such conundrums arise from an t i
erroneous insertion of incomplete coordinate eigenstates into ¢(x,t)=exp(igf dt’ t'f(t'))Z Pn(x)e”Ent
the formal commutation relations. An analysis carried out in 0 "
detail in QCB found that such difficulties already arise at the o
level of the free particle constrained to the half space XJ’ dx’ ¢[x" —h(1),0]n(x"). v
(g=0). They are not at all a consequence of the term 0

f(t)p (analogous to a magnetic coupling térpresent in the ) ~ )

Hamiltonian describing the system under discussion. Here the ¢,(x) are the eigenstates d, and ¢(xt) is
The true “problem” is that equations such as HA) claimed to be a solution of the equatif@CB, Eq.(3)]

above must be considered as holding true among distribu- 1

tions, or generalized functions, rather than taken at face ; __ T2 .

value. That is, their correctness depends upon what other 10 p(x,1) = = 5 G d(X, 1)+ gxb(X,1) —iT (1) xp(x,1)

functions they “act upon” within integrals or sums that de- (©)

fine observables. A simple example is failure of complete-

ness of theg,(x) when applied to functions that do not subject to the boundary conditiop(x=0t)=0 and other-

with (A,B) the integral ofA(x)B(x) over the positive half
space, together with properties &fe,,(X)|x=o [4]-

vanish at the origin. wise arbitrary initial condition ¢(x,0). In the above
The work in QCB also suggested a method to avoid aph(t) =fodt' f(t"). _
parent paradoxes such as those just notfdl,pil, Since the ¢,(x) are real we may introduce the well-

[p%,p]=0). Concretely, QCB suggested that a “good” rep- known representation
resentation of the quantum operators should respect the ca-
nonical commutation relations. Thus it is prudent to work in
momentum representation rather than coordinate representa-
tions so, e.g.[p?,p]=0 trivally. Work in quantum chaos is
replete with attempts to find best bases within which to for-in whichx,,=E,,/g. Further, since the wave functions vanish
mulate the idiosyncracies of the specific problems being adfor nonpositive argument, we may rearrange &j.into the
dressed. The proposed approach is hardly radical. form

#n(X)= N, | daexp(—iq7I6g)extia(x, ),

g{)(x,t):exp{igﬂdt’t’f(t’)); Nngbn(x)e*iEntJ':dx’qb(x’,0)f dgexp —ig3/6g)expiq(x,—h(t)—x")}.  (4)

For convenience introduce the notation
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«If(k)=exp(—ik3leg)f dx’ ¢(x’,0)e k¥,
0
Noting thatf(t)=dh/dt, ¢(x,t) may be further rewritten as

t

¢<x,t>=exp( —ig fodt'hu’)); Nadhn(X) f dgexpli(q—gt)[xh(1) ]} ¥(q)
t

=exp( —ig fodt' h(t’))g Nadhn(X) f dgexp{ig[x,—h(H)]}¥(g+gt)

=3 g0 | daFH@ext-ix (@0 ¥ (a+ ), 5)

with X(q, t)——q3/6g+qh(t)+gf0dt h(t'), and with the
further def|n|t|0n¢>n(q) N,exp(g®/6g)exp(—igx,).
The above intricate rewrite is motivated by the following:

7- [ dadi@ent -ix(@01¥(@+on. @

But by simply undoing the series of manipulations that led to
io exd —iX(q,t) J¥(q+gt)] Eqg. (9),
q2
= ?+qf(t)+|gaq

[exd —iX(q,H)]¥(q+gt)]. Ianexp( igftdt’t’f(t’))e”fnt
0
(6)

By straightforward evaulation the function ¢xpX(q,t)] is
itself a solution of Eq.6). The first order structure of the
derivative operators implies that E(p) is satisfied forany
(reasonable function W (g+gt). Evidently the expression
for ¥ implied by QCB is a particular choice designed for thei g, ¢(x,t) D —gt f(t)z dn(X)
full solution to collapse to the initial condition &t 0.

Now, in accord with Dembinsket al., if id;¢(x,t) con-

x | data-gvexdialx,-hlie@.  @©

Rearrangement of the term #xgt leads to

tains a term proportional tof (t), as follows from Eq.(4), Xf dad* (exd —iX(a.0) W (g+at
that term must be canceled by a term in the RHS of (Bg. adn (@)exd (@OI¥(a+a).
So we must examine the expression that f@} as a coef- Now, the above result is a direct consequence of rewriting

ficient, the RHS of Eq(6). Note that it was not necessary to use the
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specific forms for¥ and X in order to achieve it. Without To conclude this response, | have nho comment regarding
doubt, Eq.(8) contains a factordt) in the term that corre- the numerical calculations performed by Dembinskal. at
sponds to the one into which Dembingdi al. inserted Eq.  the present time. For obvious reasons, numerical calculations
(12). To complete the discussion, it is only necessary tomust be carefully programmed, and while there is no reason
show that the rewrites that have been performed do not reo doubt the accuracy of their results out of hand, it will take
move the phase term, i.e., the term corresponding t@nore time to reproduce their work. | myself have performed
igexpligfodt't'f(t')]. This piece is readily achieved by independent numerical work based upon the asymptotics de-
evaluating the explicit expressions fo#X(q,t) and  scribed in QCB. Figure 1 illustrates the behavior of the in-
|oyW(k+gt)  without  invoking  the identity tensity just in the vicinity of a bounce, based upon the initial
oP(k+gt)=ga ¥ (k+gt). That is, an “explicit” term  condition that¢(x,0) is an eigenmode ofl,. The main
(the phase-related expressiarancels the “implicit” term  yoint of the figure(which, together with its companions, |
(related to matrix elements of) just as was claimed in hope to publish elsewherés to allay the concerns of Dem-
QCB. . . . . . binski et al. that their Eq.(11) somehow implies that the
There is no question that, as mentioned earlier, (Exis quantized behavior is trivial. In fact it is not, and the behav-

an entirely correct result. According to the above, the result%r near the upper turning points is very interesting indeed. It

in QCB are consistent in spite of E(L). It appears that the . ' . .
diff?arence between the I’eS[l)J|tS of D%%binei%l and those > also clear from the figures in QCB that although the peri-
’ odicity of the modal transition operator should be strictly

in QCB come about from different ways in which formal i | b f q le 1o the initial d
statements are implemented—that is, howabatentof Eq. Fue, a large number of modes couple fo he iniial mode

(1) is expressed within the entire context of the problem afiMmost immediately after the periodic point, rendering accu-

hand. rate numerical calculations delicate.
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